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Dynamic Characteristic Formulations
for Jointed Space Structures

Tomihiko Yoshida∗

Nippon Telegraph and Telephone Corporation, Kanagawa 239-0847, Japan

New mathematical formulations are described for estimating the dynamic characteristics of deployable space
structures. The two main effects of the structure joints are transitions in natural frequencies and energy dissipation.
These effects are formulated individually by using a nonlinear spring model and friction- and impact-damping
models. The total effects of the joints are obtained by integrating the models using energy loss factors. The for-
mulations are quite efficient compared to numerical analyses because the dynamic characteristics can be obtained
mathematically for each cycle without time-consuming calculations. Analyses and experimental evaluations show
the dynamic characteristics and demonstrate the validity of the formulations.

Nomenclature
A = cross-sectional area in the joint
a = amplitude in the contact condition (maximum

deflection of the beam)
b = joint width (clearance width)
C = decrement gradient
E = Young’s modulus of the joint
EFL = quarter-cycle energy dissipation caused by friction
EFLg = quarter-cycle friction loss caused by gravity
EI = internal energy of the beam
ERL = quarter-cycle energy dissipation caused by impact
e = restitution coefficient of the joint
f = natural frequency of the beam
fb = shearing stress by friction (friction stress) on bottom

surface in the joint
fu = shearing stress by friction (friction stress) on upper

surface in the joint
f0 = natural frequency in the noncontact condition
f1 = natural frequency in the contact condition
h = joint height
h0 = offset between the centroid axis and the neutral axis

(zero-strain axis) of the joint (Fig. 6)
I = moment of inertia of area of the joint
k = equivalent stiffness of the beam
k0 = stiffness in the noncontact condition
k1 = stiffness in the contact condition
L = beam length
l = effective joint length (clearance length)
M = bending moment in the joint
M0 = bending moment at x = 0
m = mass of the beam
N = shearing force in the joint
n = vertical stress (constricted stress) in the joint
P = external force on the beam
Q = vertical force at x = l
q = vertical stress in the joint
R = vertical force at x = 0
r = vertical stress in the joint
T = reactive force in the joint
t = time
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w = bending deflection
x = horizontal axis, when equal to 0 (y axis) indicates the

boundary between the joint and the beam (Fig. 5)
y = vertical axis, when equal to (x axis) indicates the

centroid axis of the undeformed beam (Fig. 5)
δ = logarithmic decrement of the beam
ε = half of the clearance thickness
θ0 = rotating-free angle of the beam
λb = slippage displacement on the bottom surface

in the joint
λu = slippage displacement on the upper surface in the joint
μ = friction coefficient of the joint
ξ = energy loss factor for one cycle
σ = bending stress in the joint

Superscript

i = time index

I. Introduction

R ECENTLY, we have begun to use large deployable antennas1

on satellites to realize broadband mobile satellite services for
handheld terminals. To design satellites with large space structures
(LSS) that are deployable, such as large antennas, we must esti-
mate the dynamic characteristics of the LSS for accurate controller
designs. Because the LSS are difficult to ground test, predictions
by analyses that assume the space environment are indispensable.
One analysis problem is the impact of the joints in the LSS.2 Each
LSS contains many joints that must have specific clearances to al-
low smooth deployment at a specific temperature. However, the
clearances have strongly nonlinear characteristics, and so traditional
linear analysis techniques cannot easily handle the dynamic char-
acteristics.

Prestress is a well-known design technique for eliminating the
nonlinear responses of a deployed structure to compress the joints
with small constricted stress. Even with this technique, however,
the natural frequency and damping characteristics are altered by
slippage of the joint surfaces. A bigger problem is that the prestress
cannot be used during deployment. It is clear that we need a design
methodology that can accurately predict the clearance effects for a
deployable structure of reasonable complexity.

Many studies on the clearance effects of these structures have
been done.3−14 However, practical estimation methods are not yet
available. In many cases, the joint models are assumed to be spring–
viscous damper models to simulate the joints’ friction and impact
damping,3−5 or are assumed to be restitution coefficient models that
can simulate impact damping.6,7 However, because the joint effects
generally involve frequency and damping transitions,3,8,9 we would
be negligent if we considered only the damping characteristics.
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a) b) c) d) e)

Fig. 1 Clearance of pin-joint.

Some commercial numerical structural analysis software can solve
the dynamic structure response with clearances.10,11 However, they
consume a lot of CPU time or cannot solve the analysis model be-
cause the calculations can become unstable.

In forced vibration conditions, the joint effects exhibit chaotic
behavior and a jumping phenomenon. This chaotic behavior shows
that the dynamic response strongly depends on the position and the
amplitude of the forced excitation.6,7,12 The jumping phenomenon is
a sudden change in the frequency response.13 This makes it difficult
to estimate the dynamic characteristics of a jointed structure.

In this paper, the author proposes new mathematical formulations
that can estimate total joint effects including frequency and damping
transitions. The models for the formulations are one-dimensional,
single-jointed beams in the primary (low-order) bending mode of
free vibration. Higher modes that are induced by impact can be
ignored in many cases because they degrade more quickly than
low-order modes. Moreover, because space structures are subjected
to continuous forced excitation only during launch, a free-vibration
model is practicable.

The key feature of the proposed formulation is that the joint model
includes a nonlinear spring model and friction- and impact-damping
models. The models are integrated using energy-loss factors14 to
estimate both the frequency and damping characteristics without
time-consuming calculations; the dynamic characteristics can be
obtained immediately. The author proves the applicability of the
formulations by analyses and experimental evaluations.

II. Formulations
A. Classification of Clearance Effects

The biggest differences between jointed and nonjointed structures
are the transitions in natural frequency and the energy dissipation
exhibited by the former.

In linear systems, the pin-joint is considered to have one degree
of freedom around the pin. However, the pin-joint must have some
clearance to enable smooth rotation, and so that it can move in the
other five directions as shown in Figs. 1a–1e. The natural frequency
transitions can be explained by considering the contact and noncon-
tact conditions of the clearances. In the contact condition, because
the joint cannot move further in the contact direction, the mode shape
and natural frequency of the structure are almost the same as in the
linear model. In the noncontact condition, the joint is floating within
the clearance, so that if the mode shape is different from the linear
model the natural frequency will be different. Therefore, a vibrating
structure experiences changes in its natural frequency, depending
on the contact or noncontact conditions. A free-vibrating structure
generally settles into some noncontact configuration because of the
energy dissipation caused mainly by friction and impact in the joints
and structural damping in the beams.

The following sections show formulations of the joint effects,
classified into frequency transition and friction and impact damping.
The energy loss factors that denote the ratio of dissipated energies
to the total energy are derived to integrate these formulations and to
predict the dynamic characteristics.

B. Natural Frequency Transition
In this section, a one-dimensional cantilever with joint support as

shown in Fig. 2 is examined. In the contact condition (Fig. 2c), the
joint-supported cantilever is assumed to be a fixed-end cantilever. In
the noncontact condition (Figs. 2a and 2b), the cantilever behaves
as a free-end beam. We can easily see that the mode shape and the
natural frequency depend on the condition. Figure 3 shows equiva-
lent mass–spring models that correspond to Fig. 2. The equivalent
spring is nonlinear, as shown in Fig. 4.

a)

b)

c)

Fig. 2 Joint-supported cantilever.

a)

b)

c)

Fig. 3 Equivalent model of joint-supported cantilever.

Fig. 4 Nonlinear spring stiffness.

In the contact and noncontact conditions, the equations of motion
for the equivalent systems are given as

mẅL + k0wL = 0 (wL ≤ ε)

mẅL + k1wL = (k1 − k0)ε (wL > ε) (1)

where wL is the equivalent bending deflection at the free-end of the
cantilever. Damping terms, such as friction and impact effects, can
be ignored in Eq. (1) because the effects on the natural frequency
are small.

The natural frequency of the system can be derived from the
reciprocal of the time from the state in Fig. 3c to the state in Fig. 3a
using Eq. (1), such as

f = π

2

{
f1

/[
cos−1 G + γ tan−1

(
γ G

sin cos−1 G

)]}
(2)
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where γ is the ratio of the frequencies, γ = f1/ f0, and G =
(ε/a)/[(ε/a) + γ 2]. When a rigid-body motion (k0 = 0, f0 = 0) is
considered, Eq. (2) is simplified to

f | f0 = 0 = f1/[1 + (2/π)(ε/a)] (3)

From Eqs. (2) and (3), it is found that the natural frequency transi-
tion depends on the ratio of the clearance thickness ε to the amplitude
a. It is also confirmed that, when the amplitude in the contact condi-
tion is much less than the clearance thickness (ε/a � 1), the natu-
ral frequency closely approaches the noncontact natural frequency,
f � f0, as opposed to ε/a � 1, f � f1. In general, the amplitude is
degraded by the energy dissipation. Therefore, the natural frequency
gradually becomes the noncontact natural frequency.

C. Energy Dissipation Caused by Friction
In this section, the author will calculate the friction energy dissi-

pation in a joint that supports a bending beam. The joint is supposed
to be a constricted joint, such as those seen in the prestress condition,
and a small-clearance joint, similar to a pin-joint. The joint model
is shown in Figs. 5 and 6. The assumptions for the formulations are
1) Euler beam joint, 2) static condition, 3) constant friction coeffi-
cient, and 4) zero gravity.

The energy dissipation is caused by slippage in the joint under
the influence of the bending moment M0 that is caused by P . The
dissipation is obtained by multiplying the friction force by the con-
tact surface slippage displacement. To derive the friction force and
slippage displacement, the author will show the force and moment
distributions in the joint.

The force and moment balance equations are given as

P = b

∫ l

0

(r − q) dx

M0 = b

∫ l

0

(−r + q)x dx + bh

2

∫ l

0

( fu + fb) dx (4)

Fig. 5 Joint model.

Fig. 6 Small element of joint model.

The vertical stresses r and q and effective joint length l are un-
known parameters, and each vertical stress is assumed to include
one unknown parameter.

The friction stress for the upper surface is given as

fu =
{

σy = − h/2 (σy = − h/2 < μq)

μq (σy = − h/2 ≥ μq)
(5a)

and for the bottom surface as

fb =
{−σy = h/2 (−σy = h/2 < μr)

μr (−σy = h/2 ≥ μr)
(5b)

The bending stress is given as

σ = −(M/I )(y − h0) (6)

Bending moment M and offset h0 are derived as follows.
As shown in Fig. 6, the equations for the force balance and mo-

ment balance of the small joint element are given as

dN

dx
= b(−r + q),

dM

dx
= N − bh

2
( fu + fb) (7)

Bending moment M is derived by integrating Eq. (7), with bound-
ary conditions of N |x = 0 = P and M |x = 0 = M0.

The horizontal force balance equation is∫
σ(x) dA + b fb dx =

∫
σ(x + dx) dA + b fu dx (8)

Simplifying Eq. (8), we obtain the offset as

h0 = I

h
( fb − fu)

/(
dM

dx

)
(9)

The bending deflection of the joint is given as

w =
∫∫

1

h

(
σy = −h/2 − fu

E
+ −σy = h/2 − fb

E

)
dx dx

=
∫∫ (

M

E I
− fu + fb

hE

)
dx dx (10)

The boundary conditions are assumed to be w|x = l = 0 and
(dw/dx)|x = l = 0.

Note that the bending deflection is limited by the joint reactive
force T on the contact surface, which depends on the bending de-
flection, vertical stresses, and so on. Therefore, the reactive force is
assumed to be the sum of the vertical forces in the joint, such as

T = b

∫ l

0

(r + q) dx (11)

First, using Eqs. (4–11) [mainly Eqs. (4), and (11)], we solve three
unknown parameters: the vertical stresses r and q and the effective
joint length l. Next, if the obtained effective joint length is larger
than the actual joint length, the actual joint length is used as l. In
such a case, we can clarify two parameters r and q using Eq. (4).

The energy dissipation can be derived by multiplying the friction
force by the surface slippage displacement. The displacement on
the upper surface is given by

λu = − 1

E

∫ x

l

(σy = −h/2 − fu) dx (12a)

and on the bottom surface by

λb = − 1

E

∫ x

l

(−σy = h/2 − fb) dx (12b)
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Therefore, the quarter-cycle energy loss caused by friction is de-
rived as

EFL =
∫ l

0

μbqλu dx +
∫ l

0

μbrλb dx (13)

Equation (13) is the energy dissipation model caused by friction.
Because the preceding formulations are somewhat complicated to

solve, Eq. (13) was simplified. When the actual joint length is short
and the moment M0 is relatively large, Eq. (5) can be simplified to

fu = μq, fb = μr (14)

When the joint is constricted, such as in the prestress conditions,
the vertical stress model is assumed as

q = ql + n, r = r0 + n (15)

where ql and r0 are assumed to satisfy∫
x = l

bql dx = Q,

∫
x 	= l

bql dx = 0

∫
x = 0

br0 dx = R,

∫
x 	= 0

br0 dx = 0

The vertical forces Q and R are unknown parameters.
From Eqs. (14) and (15), Eq. (4) becomes

P = R − Q

M0 = μh R/2 + l Q + μbhnl (16)

Therefore, the vertical forces Q and R are obtained by Eq. (16),
such as

Q = M0 − μh P/2 − μbhnl

l + μh/2

R = M0 + l P − μbhnl

l + μh/2
(17)

From Eq. (7), the moment in the joint is obtained as

M = Q(l − x) + μbhn(l − x) (18)

From Eq. (9), h0 = 0.
From Eq. (10), the bending deflection is calculated as

w0 = Q + μbhn

E I

l3

6
− μn

hE
l2 (19)

where w0 is the bending deflection at x = 0. In Sec. III, the reactive
force T is assumed to contain a third-order spring,8 such as

T = kαw0 + kβw0n3 (20)

where kα and kβ are constant values that can be derived by ex-
perimental identification. From Eqs. (11) and (20), the following
equation is obtained:

T = Q + R + 2nbl = kαw0 + kβw0n3 (21)

From Eqs. (17) and (21), the effective joint length l is obtained. If
the actual joint length is smaller than the obtained effective length,
the actual length would be used as l instead of the obtained length.

When Eqs. (14–18) are applied to Eqs. (6) and (12), the slippage
displacement on the surface is given as

λu = λb = Q + μbhn

E I

h

2

(
l2

2
− lx + x2

2

)
− 1

E
μn(l − x) (22)

The quarter-cycle energy loss is derived by Eqs. (13) and (22) as

EFL = μR

(
Q + μbhn

E I

hl2

4
− 1

E
μnl

)

+ 2μbn

(
Q + μbhn

E I

hl3

12
− 1

E
μn

l2

2

)
(23)

When external force P and bending moment M0 are given, the
energy loss is easy to calculate using Eq. (23). This simple formula-
tion is a significant benefit. Moreover, when force P is concentrated
at the free end of the beam, and the beam length L is longer than
the joint length,

M0 = P L , Q � R � P L/(l + μh/2) (24)

If the joint is not constricted, n = 0, so that Eq. (23) can be sim-
plified as

EFL = μhl2 Q R/(4E I ) (25)

Equation (25) shows the energy dissipation model of the small-
clearance joint.

D. Energy Dissipation Caused by Impact
In this section, the energy loss model that accounts for impact

is derived. First, to identify the damping characteristics caused by
impact, experimental results are presented. Figure 7 shows the time
response of free vibration in the experimental model shown in Fig. 8.
Figure 7 also shows the result of an analysis model that is a linear
mass–spring–viscous damper model. These two envelopes are quite
different. We know that the free-vibration amplitude of linear mass–
spring–viscous damper systems decreases exponentially. However,
the envelope of the experimental model is almost linear. This result
shows the linear viscous damper models cannot explain the impact
effects.

The author introduces a suitable model that can simulate this
linear envelope by using the restitution coefficient. The restitution
coefficient is defined as

e ≡ (v2a − v1a)/(v1b − v2b) (26)

where v1b and v2b are velocities before collision and v1a and v2a are
velocities after collision.

Fig. 7 Time responses of experimental model and linear mass–spring–
damper analysis model.

Fig. 8 Experimental model.
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Figure 9 shows the simulation model corresponding to Fig. 8.
Figure 10 shows the numerical time-simulation result of the model
in Fig. 9. In this simulation, the restitution coefficient is assumed
to be zero and friction and structural damping are not considered.
The fourth-order Runge–Kutta method is applied for the numerical
calculations.

It is found that the envelopes for both the simulation and exper-
iment results are linear and similar. Under different conditions, the
time responses in the simulations and experiments also show linear
envelopes, such that

a = −Ct + a0 (27)

We found that the numerical simulation model can describe the
impact damping well; however, this simulation is time consum-
ing. Therefore, the envelope gradient C , called the decrement gra-
dient, was used to derive the energy loss caused by impact. The
dependencies of the decrement gradient on the joint parameters
are clarified by numerical simulations. The joint parameters are
assumed to be clearance thickness, impact masses, natural frequen-
cies, and restitution coefficient. The obtained decrement gradients
from the time-simulation results are shown in Fig. 11, where m1

and m2 are impact masses and f1 and f2 are natural frequencies
in the noncontact condition on each cantilever. Subscript a indi-
cates a smaller value of subscripts 1 and 2, for instance, ma is
the smaller of m1 and m2, whereas subscript b indicates the larger
value.

We found that the decrement gradient tends to be linear to the
mass ratio, the frequency difference, and clearance thickness and is
constant for restitution coefficients between 0 and 0.4, as shown in
Fig. 11. Therefore, the decrement gradient is predictable, such that

C = κερα
(

f β

b − f β
a

)1/β
γe (28)

where κ , α, and β are complementary coefficients, ρ = ma/mb

(ma ≤ mb) is the ratio of mass, and γe is a function that depends
on restitution coefficient e. In this simulation, κ = 1.5, α = 0.35,
and β = 1.3 were taken as appropriate values.

The quarter-cycle energy dissipation is derived using the decre-
ment gradient. When the amplitude changes from a1 to a2 for one
cycle, the relationship to the decrement gradient is given by

a1 − a2 = CT = C/ f (29)

Fig. 9 Equivalent simulation model.

Fig. 10 Time response of simulation model.

where T is the time for one cycle. When the internal energy of the
beam is described as

EI = 1
2
ka2 (30)

the one cycle energy loss is given as

4ERL = 1
2
k1a2

1 − 1
2
k2a2

2 (31)

where k1 and k2 are the equivalent stiffnesses corresponding to a1 and
a2, respectively. When the equivalent stiffnesses are almost equal,
k � k1 � k2, the quarter-cycle energy loss is derived as

ERL = kaC/4 f (32)

where a = (a1 + a2)/2. Equations (28) and (32) are the energy dis-
sipation models that account for impact.

E. Dynamic Characteristics Estimation
In this section, we will integrate the preceding formulations using

the energy loss factor,14 and we will derive the logarithmic decre-
ment and time-frequency characteristics as the dynamic character-
istics. Because the characteristics are obtained mathematically on
each cycle, the estimation is extremely fast and efficient.

The energy loss factor is defined as the ratio of the energy dissi-
pation to the total energy for one cycle, given as

ξ ≡ 4(EFL + ERL)/EI (33)

where the energy dissipation caused by friction EFL is given by Eqs.
(23) or (25) and the energy dissipation caused by impact ERL is
given in Eq. (32).

The energy loss factor is also described by using Eq. (30):

ξ = 1 − (
ka2

1

/
2
)/(

ka2
0

/
2
) = 1 − (a1/a0)

2 (34)

therefore,

a1 =
√

1 − ξa0 (35)

The logarithmic decrement is defined as

δ ≡ log(a0/a1) � 1 − (a1/a0) (36)

The dynamic characteristics can be obtained by using the follow-
ing steps:

1) Clearance thickness ε, initial amplitude a0, and frequency in
the noncontact and contact conditions f0 and f1 are set.

2) From Eq. (2), we obtain the natural frequency f i using ε, ai − 1,
f0, and f1. The present time is given as t i = t i − 1 + 1/ f i .

3) We obtain the next amplitude ai using Eqs. (33) and (35). The
logarithmic decrement is given by Eq. (36).

4) To obtain the time-frequency analysis, repeat steps 2 and 3.

III. Analyses and Experiments
To confirm the given formulations, analyses and experimental

evaluations were carried out.
The experimental setups are shown in Fig. 12. The beam is

made of aluminum, E = 71,000 N/mm2; its dimensions are given
in Fig. 13. Figure 13 shows the configurations of the experimental
models. Configuration 1, shown in Figs. 12a and 13a, is the joint-
supported cantilever. The joint is used instead of the fixed end. First,
the constricted joint, σ = 0.75 and 1.25 N/mm2, is applied. Second,
the small-clearance joint, θ0 = 0.02 and 0.01 rad, is used, where θ0

is the rotating-free angle that corresponds to the clearance thickness
ε. Configuration 2, shown in Figs. 12b and 13b, is a beam with both
ends fixed. However, it has a pin-joint in the center of the beam.
The hole in the diameter of the joint is 8 mm and we used 6-mm
(ε = 1 mm) and 7-mm (ε = 0.5 mm)-diam pins.

The logarithmic decrement and time–frequency characteristic ex-
periment results are shown in Figs. 14–16. Figures 14–16 show
the averages and error bars of five measurement runs. We can see
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a)

b)

c)

d)

Fig. 11 Decrement gradient dependency on a) mass, b) frequency, c) clearance thickness, and d) restitution coefficient.

a) b)

Fig. 12 Experimental setup: a) configuration 1 and b) configuration 2.



YOSHIDA 777

that the measurement accuracy is slightly degraded at small am-
plitudes. The reason is that small amplitude enlarges the nonlin-
ear clearance effects as, described in Sec. II.B. In this case, the
measurement error for the logarithmic decrement was about 0.01
and the frequency error was about 0.5 Hz at small amplitudes.
On the other hand, measurement accuracy at large amplitudes was
high.

In configuration 1, because the joint length is much smaller than
the beam length, the velocity before collision in the joint is very
small. Therefore, impact damping is negligible. The energy loss
factor is mainly caused by friction. Because the beam is set vertically,
as shown in Fig. 12a, the friction loss caused by gravity must be
considered, such that

EFLg = μmgdθ0 (37)

where g is the gravity acceleration and d is the length from rotation
center to the contact point of the joint. This value is static and
small because of the small clearance. When the amplitude in the

a)

b)

Fig. 13 Configurations for experiment: a) configuration 1 and b) con-
figuration 2.

a)

b)

c)

d)

Fig. 14 Dynamic characteristics of cantilever with constricted joint support: a) logarithmic decrement, σ = 0.75 N/mm2; b) time–frequency charac-
teristics σ = 0.75 N/mm2; c) logarithmic decrement, σ = 1.25 N/mm2; and d) time–frequency characteristics, σ = 1.25 N/mm2.

contact condition is very small, the internal energy is very small.
In this case, the friction loss by gravity dominates the energy loss
factor.

In configuration 2, the friction loss is ignored because the pin-
joint does not transmit bending moment to the other beams and
the friction dissipation is very small because M0 = 0. Therefore,
the energy loss is mainly caused by impact. The natural frequen-
cies in the contact and non-contact conditions are assumed to be
the same because the mode shapes are almost the same as men-
tioned in Sec. II.A. Therefore, we can apply f = f0 = f1 as shown
in Eq. (2).

Equations (3) and (23) are applied to the constricted joint can-
tilever; Eqs. (3), (25), and (37) are applied to the small clear-
ance joint cantilever; and Eq. (32) is applied to configuration 2.
Also, the structural damping is considered in the analyses. From
Eqs. (34–36), the energy loss factor due to the structural damping,
ξSL, can be obtained from the logarithmic decrement of the free-
vibrating fixed-end cantilever, δSL, such that ξSL = 1 − (1 − δSL)2,
and ξSL is added to right-hand side of Eq. (33). Because δSL was
about 0.01 in a preliminary experiment, this value is used in the
equation.

The results using the proposed mathematical formulations de-
scribed in Sec. II.E are also shown in Figs. 14–16. The computation
time to obtain both the logarithmic decrement and time–frequency
characteristics was a few seconds for each configuration. There-
fore, this analysis can estimate the dynamic characteristics very
rapidly.

Figure 14 shows the analysis and experimental results for the
cantilever with constricted joint support. Both results are very
close to each other. In particular, the logarithmic decrement at
σ = 1.25 N/mm2 shows a complex dependency on amplitude. Our
analysis predicts this complex dependency very well.

Figure 15 shows the results for the cantilever with the small-
clearance joint support. We found that the logarithmic decrement in-
creased rapidly at small amplitudes and frequency declined quickly
over time. The analysis predicted these dynamic characteristics very
well.
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a)

b)

c)

d)

Fig. 15 Dynamic characteristics of cantilever with small-clearance joint support: a) logarithmic decrement, θ0 = 0.02 rad; b) time–frequency char-
acteristics, θ0 = 0.02 rad; c) logarithmic decrement, θ0 = 0.01 rad; and d) time–frequency characteristics, θ0 = 0.01 rad.

a)

b)

c)

d)

Fig. 16 Dynamic characteristics of configuration 2: a) logarithmic decrement, ε= 1.0 mm; b) time–frequency characteristics ε= 1.0 mm; c) logarith-
mic decrement, ε= 0.5 mm; and d) time–frequency characteristics, ε= 0.5 mm.



YOSHIDA 779

Figure 16 shows the results of configuration 2. It also shows that
the proposed formulation provides very accurate estimations.

As shown in Figs. 14–16, the analyses can estimate these char-
acteristics well, even though the dynamic characteristics in each
condition were quite different. We confirmed that the proposed for-
mulations are effective and applicable to the estimation of the dy-
namic characteristics of jointed structures.

The proposed formulations are useful for estimating not only the
dynamic characteristic of space structures, but also new structural
designs, such as no-prestress structures that meet the requirements.
Furthermore, impact dampers15−17 that dissipate vibration energy
are an effective future application of the clearance effects seen here.
Estimation of the clearance effects has the potential to permit the
positive use of clearances as a damping element.

For multijointed structures, the proposed formulations are capable
of predicting the dynamic characteristics. The frequency transition
can be estimated in the same manner. The total energy loss can be
calculated by summing each joint energy loss. A more detailed study
of this will be the subject future work.

IV. Conclusions
Mathematical formulations were proposed to estimate the dy-

namic characteristics of free-vibrating structures that include joints.
These formulations consist of a nonlinear spring model and friction-
and impact-damping models. The friction models are mathemat-
ically formulated and simplified to make them easy to calculate.
The impact damping models are formulated using the linear en-
velope of the time response. The dynamic characteristics can be
estimated by integrating these models and formulations using the
energy loss factors. This estimation is significantly more efficient
than numerical simulations because the dynamic characteristics can
be obtained immediately for each cycle using mathematical for-
mulations. Analyses and experimental evaluations confirmed that
the proposed formulations are valid and applicable to the dynamic
characteristic estimation of jointed structures.
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